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Abstract
Let G be a connected, locally connected, claw-free graph and x; y be two vertices of G. In
this paper, we prove that if for any 2-cut S of G, S \ fx; yg = ;, then G contains (x; y)-paths
of all possible lengths. As a corollary of the result, the following conjecture of Broersma and
Veldman is proved: every locally connected, claw-free graph of order at least 4 is panconnected
if and only if it is 3-connected. c© 1999 Elsevier Science B.V. All rights reserved.
1. Introduction and main results
We consider only nite, simple and connected graphs. For terminology and notation
not dened here we refer to [2].
Throughout this paper, let G be a graph of order n, V (G) and E(G) denote, respec-
tively, the vertex set and the edge set of G. For each vertex u of G, the neighbourhood
N (u) of u is the set of all vertices adjacent to u. For S V (G), denote by G[S] the
subgraph of G induced by S. For convenience, let Hu = G[N (u)]. A vertex u of G
is said to be locally connected if Hu is connected. G is called locally connected if
each vertex of G is locally connected. Generally, G is called locally k-connected if
for each vertex u, Hu is k-connected. A connected, locally k-connected graph must
be (k + 1)-connected. The distance between two vertices x; y is denoted by d(x; y). A
k-cut is a cut set containing k vertices.
A graph G is said to be Hamiltonian if it has a cycle containing all the vertices of G.
A path with end vertices x and y is called an (x; y)-path. An (x; y)-path is a Hamilton
path of G if it contains all the vertices of G. A graph G is Hamilton-connected if each
pair of distinct vertices x; y are joined by a Hamilton (x; y)-path. G is panconnected
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if each pair of distinct vertices x; y are joined by a path of length h for each h,
d(x; y)6h6n− 1.
A graph G is called claw-free if it has no induced subgraph isomorphic to K1;3.
In 1979, Oberly and Sumner [7] proved that every connected, locally connected,
claw-free graph G of order n>3 is Hamiltonian. Clark [5] improved this result by
showing that in a graph G satisfying the Oberly{Sumner’s condition, each vertex of
G lies on a cycle of length from 3 to n inclusive. Furthermore, Zhang [8] proved
that if G is a connected, claw-free graph where any cut set of G contains a lo-
cally connected vertex, then each vertex of G is contained in cycles of all possible
lengths. In [4] Chartrand et al. proved that a connected, locally 3-connected, claw-free
graph is Hamilton-connected. Later, Kanetkar and Rao improved this result by showing
that:
Theorem 1 (Kanetkar and Rao [6]). Every connected; locally 2-connected; claw-free
graph is panconnected.
In [3], a conjecture was proposed by Broersma and Veldman.
Conjecture 2 (Broersma and Veldman [3]). Let G be a connected; locally connected;
claw-free graph of order at least 4. Then G is panconnected if and only if G is
3-connected.
Asratian obtained the following somewhat weaker result:
Theorem 3 (Asratian [1]). Let G be a connected; locally connected; claw-free graph
of order at least 4. Then G is Hamilton-connected if and only if G is 3-connected.
In this paper, we prove the following:
Theorem 4. Let G be a connected; locally connected; claw-free graph and x; y be two
vertices of G. If for any 2-cut S; S \fx; yg= ;; then G contains (x; y)-paths of every
length from d(x; y) to jV (G)j − 1.
Obviously, Theorem 4 implies Conjecture 2 and Theorems 1 and 3.
It is easy to see that if for the given two vertices x and y of a graph G, G contains
(x; y)-paths of all possible lengths, then fx; yg cannot be a 2-cut. We will construct a
connected, locally connected, claw-free graph G0 to show that the condition ‘for any
2-cut S, S\fx; yg=;’ cannot be replaced by ‘fx; yg is not a 2-cut’. Take three disjoint
complete graphs Ks, Kt and Kr , (s>4; t; r>2). Let x; y; z 2 Ks, x1 2 Kt and y1 2 Kr .
The graph G0 is obtained by joining x to each vertex of Kt , and y to each vertex of
Kr , respectively, and adding the edges zx1; zy1 and x1y1. Obviously, G0 is a connected,
locally connected, claw-free graph satisfying the condition that fx; yg is not a 2-cut,
but G does not contain (x; y)-paths of all possible lengths.
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2. Notation and lemmas
Let P=x1x2    xp be an (x1; xp)-path of G with an orientation from x1 to xp. We let
xiPxj, for 16i6j6p, be the subpath xixi+1    xj, and xj Pxi = xjxj−1    xi. We will
consider xiPxj and xj Pxi both as paths and as vertex sets. We put x−i = xi−1; x
+
i = xi+1,
x−2i = xi−2 and x
+2
i = xi+2. We say that an (x; y)-path P is minimal if there is no
(x; y)-path P0 in G such that V (P0)V (P). An (x; y)-path P is extendable if there is
an (x; y)-path P0 in G such that V (P)V (P0) and jV (P)j + 1 = jV (P0)j. In the case
we say also that P can be extended to P0.
Lemma 1 (Asratian [1]). Let G be a connected; locally connected; claw-free graph;
and let u be a vertex of G. Furthermore; let w be a cut vertex of Hu. Then the
following properties hold:
(1) The graph Hu − w has two components and each of them is a complete
graph.
(2) The graph Hu has at most two cut vertices. Moreover, if Hu has two cut vertices
then they are adjacent.
Lemma 2. Let G be a connected; locally connected; claw-free graph; u a vertex of
G and w a cut vertex of Hu. If there is a minimal path Q = u1u2u3u4 in Hu; then
w 2 fu2; u3g.
Proof. Otherwise, assume that, without loss of generality, w 2 fu4g [ (N (u)− V (Q)).
By Lemma 1, u1u2u3 is contained in some complete component of Hu −w, and hence
u1u3 2 E(G), which contradicts the minimality of Q.
Lemma 3 (Asratian [1]). Let G be a connected; locally connected; claw-free graph.
If v 2 N (u) and v is not a cut vertex of Hu then there is a Hamilton (u; v)-path of
G[N (u) [ fug].
By Lemma 3, we can obtain the following result:
Lemma 4. Let G be a connected; locally connected; claw-free graph and P be an
(x; y)-path. If N (x) \ V (P) = fx+g and x+ is not a cut vertex of Hx; then we can
obtain the (x; y)-paths P1; P2; : : : ; Ps (s=jN (x)j) such that P1=P and Pi+1=xuiui−1Piy;
where u0 = x+; ui 2 N (x)− V (Pi); i = 1; 2; : : : ; s− 1.
Let z be an internal vertex of an (x; y)-path P, x 6= y. We say that z is a local
detour vertex of P if there exists a path in G[N (z) − fx; yg] with the origin outside
P and the terminus in fz−; z+g. If there exists a minimal path Q = u1u2    us in Hz
such that u2 = x; us = z+ (u2 = y; us = z−, resp.) and u1 is the only vertex of Q not
contained in P, then we call z an x-detour (a y-detour, resp.) vertex of P, and Q a
(z; x)-detour (a (z; y)-detour, resp.) of P. In the case, we say also that P has a
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(z; x)-detour (a (z; y)-detour, resp.) By the denition, if Q is a (z; x)-detour or a
(z; y)-detour of P then the order of Q is at least 3.
Note that if G is a claw-free graph, z 2 V (G), then the order of any minimal path
in Hz is at most 4.
The following result was obtained in [5].
Lemma 5 (Clark [5]). Let G be a claw-free graph of order n>3 and P be an (x; y)-path
of length k; x 6= y; 36k6n− 2. If P has a local detour vertex; then P is extendable.
Lemma 6. Let G be claw-free and P be an (x; y)-path of G. Let v 62 V (P) and
w1; w2 be two distinct internal vertices of P with w1; w2 2 N (v) \ N (x) (w1; w2 2
N (v) \ N (y); resp.): If P is not extendable then fx+; w+1 ; w+2 g (fy−; w−1 ; w−2 g; resp.)
is an independent set.
Proof. It is obvious that w−1 w
+
1 ; w
−
2 w
+
2 2 E(G). Assume that, without loss of general-
ity, w1; w2 2 N (v) \ N (x) and w1 2 x+Pw−2 . If fx+; w+1 ; w+2 g is not independent, then
P can be extended to P0, where
P0 =
8>><
>>:
xw2vw1 Px+w+1 Pw
−
2 w
+
2 Py if x
+w+1 2 E(G);
xPw1vw2 Pw+1 w
+
2 Py if w
+
1 w
+
2 2 E(G);
xw1vw2 Pw+1 w
−
1
Px+w+2 Py if w
+
2 x
+ 2 E(G);
a contradiction. The proof of Lemma 6 is complete.
Lemma 7. Let G be a claw-free graph; P be an (x; y)-path of G and z be an internal
vertex of P with N (z) * V (P). If P is not extendable and z is a locally connected
vertex; then P has a (z; x)-detour or a (z; y)-detour.
Proof. Since z is a locally connected vertex, there is a minimal path Q = u1u2    us
(36s64) in Hz joining N (z)−V (P) and us= z+. Let u1 be the only vertex of Q not
contained in P. Since G is claw-free and P is not extendable, we can get z−z+ 2 E(G).
Case 1: u2 62 fx; yg and u3 62 fx; yg. If z 6= y−, then z is a local detour vertex of
P. By Lemma 5, P is extendable, a contradiction.
Now we suppose that z = y−. In this case, since us = z+ = y, we get s = 4. Set
k = minfijuiz− 2 E(G)g. Obviously, 26k64. Since Q0 = u1u2    ukz− is a minimal
path in Hz and G is claw-free, the length of Q0 is less than 4. Therefore k 6= 4. It is
easy to see that Q0 is a path in G[N (z)−fx; yg] with origin outside P and terminus in
fz−; z+g. Hence z is a local detour vertex of P. Again, by Lemma 5, P is extendable,
a contradiction.
Case 2: u2 62 fx; yg and u3 2 fx; yg. Suppose that u3 = x. Then xz+ 2 E(G). Since
Q is minimal and P is not extendable, we have, by considering G[fu2; u1; u+2 ; x(=u3)g],
that xu1; u1u+2 62 E(G) and hence xu+2 2 E(G). Now we consider the subgraph
G[fx; x+; z+; u+2 g]. Since G is claw-free, fx+; z+; u+2 g is not an independent set. This
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contradicts Lemma 6, since u2; z 2 V (P)− fx; yg and u2; z 2 N (u1) \ N (x). Similarly,
if u3 = y we can get a contradiction.
Case 3: u2 2 fx; yg. If u2 = x, then it is obvious that Q is a (z; x)-detour of P.
Now we suppose that u2 = y. Set k= min fijuiz− 2 E(G)g. Obviously, 26k64.
Since Q0 = u1u2    ukz− is a minimal path in Hz and G is claw-free, the length of Q0
is less then 4. Hence k 6= 4 and Q0 is a (z; y)-detour of P.
Lemma 8. Let G be a claw-free graph; P be an (x; y)-path which has a (z; x)-detour
Q = u1u2    us. If P is not extendable; then we have
(1) x+u3 2 E(G); s= 4 and u3 2 x+2Pz−.
(2) u+3 z
+ 2 E(G).
(3) if u3 6= z− then u3z− 2 E(G).
Proof. It is obvious that 36s64 and z−z+ 2 E(G).
(1) Note that x+z+ 62 E(G), otherwise P can be extended to P0 = xu1z Px+z+Py.
Thus u3 6= x+. Considering G[fx; x+; u1; u3g], we get x+u3 2 E(G) and hence u3 6= z+.
Thus s= 4.
Now assume that u3 2 z+2Py. Since u3u−3 ; u3z; u3x+ 2 E(G) and G is claw-free,
E(G) \ fu−3 z; zx+; x+u−3 g 6= ;. Hence P can be extended to P0, where
P0 =
8>><
>>:
xu1zu−3 Pz
+z− Px+u3Py if u−3 z 2 E(G);
xu1zx+Pz−z+Py if zx+ 2 E(G);
xu1z Px+u−3 Pz
+u3Py if x+u−3 2 E(G);
a contradiction. Thus u3 2 x+2Pz−.
(2) By (1), we have s = 4 and u3 2 x+2Pz−. We have u−3 u+3 62 E(G), otherwise P
can be extended to P0 = xu1z Pu+3 u
−
3
Px+u3z+Py, a contradiction; and u−3 z
+ 62 E(G),
otherwise P can be extended to P0= xu1z Pu3x+Pu−3 z
+Py, a contradiction. Considering
G[fu3; u−3 ; u+3 ; z+g], we get u+3 z+ 2 E(G).
(3) Suppose that u3 6= z−. Since Q is minimal and P is not extendable, we have
u3u1; u3z− 62 E(G). Considering G[fz; u1; u3; z−g], we get u3z− 2 E(G).
Similarly, we can obtain the following:
Lemma 80. Let G be a claw-free graph; P be an (x; y)-path which has a (z; y)-detour
Q = u1u2    us. If P is not extendable; then we have
(1) y−u3 2 E(G); s= 4 and u3 2 z+Py−2.
(2) u−3 z
− 2 E(G).
(3) if u3 6= z+ then u3z+ 2 E(G).
For convenience, we denote by zP and z0P the rst and the second x-detour vertices
along P, respectively, if P has at least two x-detour vertices.
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Lemma 9. Let G be a claw-free graph and P be an (x; y)-path. If P has two distinct
x-detour vertices or y-detour vertices; then P is extendable.
Proof. Without loss of generality, assume that P has two distinct x-detour vertices.
Let P = fR jR is an (x; y)-path such that R has at least two x-detour vertices and
V (R) = V (P)g. By the conditions of the lemma, P 6= ;. We choose P0 2 P such that
(1) jxP0zP0 j is as small as possible;
(2) subject to (1), jxP0z0P0 j is as small as possible.
Set z1 = zP0 ; z2 = z
0
P0 . Let Qi = vixwiz
+
i be the (zi; x)-detour, where vi 2 N (zi) is the
only vertex of Qi not contained in P0, i = 1; 2. Here maybe v1 = v2.
In order to prove P is extendable, it is enough to prove P0 is extendable. Assume
that P0 is not extendable. First we show some claims.
Claim 1. w1 = z−1 .
If not, by Lemma 8, we have w+1 z
+
1 2 E(G) and hence we can obtain a path
P0 = xP0w1z1 P0w+1 z
+
1 P0y. The vertices z1 and z2 are still two x-detour vertices of P
0
because w1z−1 2 E(G) by Lemma 8(3), and hence P0 2 P. We have jxP0z1j< jxP0z1j,
which contradicts the choice (1) of P0.
Claim 2. w2 62 xP0z−21 .
If not, by Lemma 8, we have w+2 z
+
2 2 E(G), and hence we can obtain a path
P0 = xP0w2z2 P0w+2 z
+
2 Py. The vertices z1 and z2 are still two x-detour vertices because
w2z−2 2 E(G) by Lemma 8(3), and hence P0 2 P. We have jxP0z2j< jxP0z1j, which
contradicts the choice (1) of P0.
Claim 3. v2z1 2 E(G) and w2 6= z−1 .
We have x+z1 62 E(G), otherwise P0 can be extended to xv1z1x+P0z−1 z+1 P0y, a
contradiction. Since xx+; xv2; xz1 2 E(G) and v2x+; x+z1 62 E(G), we have v2z1 2 E(G).
If w2 = z−1 , then z
−
1 z2 2 E(G), P0 can be extended to P0 = xPz−1 z2v2z1Pz−2 z+2 Py, a
contradiction.
Claim 4. w2 = z−2 .
If w2 6= z−2 , then we get w2 2 z1P0z−22 and w+2 z+2 2 E(G) by Lemma 8, Claims 2
and 3. Thus we can obtain an (x; y)-path P0 = xP0w2z2 P0w+2 z
+
2 P0y. The vertices z1; z2
are still two x-detour vertices of P0 because w2z−2 2 E(G) by Lemma 8(3), and hence
P0 2 P. We have jxP0z2j< jxP0z2j and jxP0z1j= jxP0z1j, which contradicts the choice
(2) of P0.
Now we can complete the proof of the lemma. By Claims 1, 3 and 4, we have
xv2; xz−1 ; xz
−
2 2 E(G). Since v2z−1 ; v2z−2 62 E(G) and G is claw-free, z−1 z−2 2 E(G).
Hence P0 can be extended to P0 = xP0z−1 z
−
2
P0z1v2z2P0y, a contradiction.
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Lemma 10. Let G; x; y satisfy the conditions of Theorem 4 and let P be an (x; y)-path
of length k; 36k6n− 2. If N (x)V (P) or N (y)V (P); then P is extendable.
Proof. Without loss of generality, we assume N (y)V (P). By the assumptions of
Theorem 4, for any internal vertex v of P, fx; vg is not a 2-cut. Thus there exist
two internal vertices z; z0 of P such that N (z) * V (P) and N (z0) * V (P). Since
N (y)V (P), both z and z0 are x-detour. Then Lemmas 7 and 9 imply that P is
extendable.
3. Proof of Theorem 4
Now we can complete the proof of Theorem 4.
Suppose that G satises the conditions of Theorem 4 but the conclusion does not
hold. Let h be the minimum integer such that G contains no (x; y)-path of length h,
where d(x; y) + 16h6n − 1. Let P be an (x; y)-path of length h − 1. Since G is a
connected, locally connected graph, we have h> 2. Hence P has at least one internal
vertex.
By the assumptions of Theorem 4, G−fx; yg is connected, and so there is an internal
vertex z of P such that N (z)*V (P). Thus we have z−z+ 2 E(G). By Lemma 7, there
is a (z; x)-detour or a (z; y)-detour of P. Without loss of generality, we assume that
there exists a (z; x)-detour uxwz+. We can always assume that w = z−, otherwise we
consider P = xPwz Pw+z+Py instead of P. Obviously, V (P) = V (P) and z is an
x-detour vertex of P.
Now we prove the following:
Claim 5. There is an (x; y)-path P0 such that jV (P0)j6jV (P)j and P0 does not contain
any cut vertex of Hx.
If Hx has no cut vertex, then we let P0 = P. The conclusion of the claim holds.
Now we suppose that Hx has at least one cut vertex. Obviously, we get x+z 62 E(G),
otherwise P can be extended to P0 = xuzx+Pz−z+Py, a contradiction. Moreover, by
Lemma 8 we have x+z− 2 E(G). Thus uzz−x+ is a minimal path in Hx. By Lemma 2,
z; z− are the only possible cut vertices of Hx.
By the assumptions of Theorem 4, fx; z−g is not a 2-cut, and hence G − fx; z−g is
connected. Thus there is a path R=v1v2    vm such that V (R)\(x+Pz−2)=fv1g; V (R)\
(zPy) = fvmg.
Case 1: N (v1)* V (P). By Lemmas 7 and 9, since P is not extendable, we assume
that P has a (v1; y)-detour, and hence v1y 2 E(G). Thus P0=xPv1y is the required path.
Case 2: N (v1)V (P) (i.e. m = 2). If v2 = z, then v1z+ 2 E(G), because G is
claw-free, zu; zv1; zz+ 2 E(G) and uz+; uv1 62 E(G). So we can let P0 = xPv1z+Py. If
v2 6= z then P0 = xPv1v2Py is the required path.
The proof of Claim 5 is complete.
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Let x1 be a vertex of P0 such that x1x 2 E(G) and vx 62 E(G) for each v 2 x+1 P0y.
Note that x1 is not a cut vertex of Hx. Let P00= xx1P0y. The length k of P00 is smaller
than h. In this case, by Lemma 4 we can get an (x; y)-path of length m for each m,
k6m6k + jN (x)j − 1; and, by Lemma 10 we can get an (x; y)-path of length m for
each m, k + jN (x)j6m6n − 1. This contradicts the assumption that G contains no
(x; y)-path of length h since k <h.
References
[1] A.S. Asratian, Every 3-connected, locally connected, claw-free graph is Hamilton-connected, J. Graph
Theory 23 (1996) 191{201.
[2] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, Macmillan, London and Elsevier, New York,
1976.
[3] H.J. Broersma, H.J. Veldman, 3-Connected line graphs of triangular graphs are panconnected and
1-hamiltonian, J. Graph Theory 11 (1987) 399{407.
[4] G. Chartrand, R.T. Gould, A.D. Polimeni, A note on locally connected and hamiltonian-connected graphs,
Israel J. Math. 33 (1979) 5{8.
[5] L. Clark, Hamiltonian properties of connected, locally connected graphs, Congr. Numer. 32 (1981)
199{204.
[6] S.V. Kanetkar, P.R. Rao, Connected, locally 2-connected, K1;3-free graphs are panconnected, J. Graph
Theory 8 (1984) 347{353.
[7] D.J. Oberly, D.P. Sumner, Every connected, locally connected nontrivial graph with no induced claw is
hamiltonian, J. Graph Theory 3 (1979) 351{356.
[8] C.Q. Zhang, Cycles of given length in some K1;3-free graphs, Discrete Math. 78 (1989) 307{313.
